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On Vapour-pressure and Osmotic Fressitre of Strong Solutio7is, 

By H. L. Callendae, F.E.S», Professor of Physics at the Imperial College of 

Science and Technology. 

(Eeceived March 10, — Eead March 19, 1908.) 

1. The relations between vapour-pressure, osmotic pressure, and concentra- 
tion of solutions are of great interest, and have been the subject of recent 
communications by Lord Berkeley and Hartley, by Spens, and by Porter. 
I propose in the present paper to develop a theory of solutions, based on a 
simple relation between the vapour-pressure and the concentration, which 
appears to give a very fair account of the phenomena. observed in the case of 
strong solutions, and is at the same time a natural extension of the present 
theory as applied to dilute solutions. Before discussing the theory itself, I 
propose to give fresh proofs of some of the more important relations already 
accepted, for the sake of indicating clearly the order of approximation 
attempted, and of illustrating methods of proof which I have employed in 
teaching for many years, but which do not appear to be generally known. 

Relation hetween Vafoiir-'pressiiTe and Hydivstatic Pressnre. 

2. By considering the isothermal equilibrium of a liquid and its vapour in 
a capillary tube of radius r. Lord Kelvin* deduced the well-known relation 
between the vapour-pressure p at the curved surface and the normal vapour- 
pressure po at a plane surface, in terms of the surface tension T, and the 
densities of the liquid and vapour p and cr, 

p-po = 2Tcr/r(^-a-), (1) 

where r is positive if the surface is convex. The effect was regarded by Lord 
Kelvin as being due to curvature, but Poyntingf showed that it might be 
regarded simply as an effect of hydrostatic pressure, and explained the 
equilibrium of ice and water under pressure on this basis. Since the pressure 
P inside a spherical drop of radius r exceeds the vapour-pressure p outside it 
by 21^/r, substituting (P— j?) for ^Tjr we obtain, 

P-Po = (P-P) <rKp-<r) = (P-po)a'/p, (2) 

which m equivalent to the expression given by Poynting. Since the relation 

* ' Phil. Mag.,' [4], vol 42, p. 448, 1871. 
t *Phil. Mag.; [12], p. 40, 1881. 
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applies only to small differences of pressure in this form, it is more convenient 
to write it in the differential notation 

vdp=:YdP, (3) 

which is perfectly general and accurate if Fand v are the specific volumes of 
the liquid and vapour at the pressures P and p respectively. By integrating 
equation (3) between corresponding limits of F and p, the variation of vapour- 
pressure with pressure may be obtained with considerable accuracy over wide 
ranges of pressure and temperature. The principal source of uncertainty is 
the compressibility of the liquid. If we put F= Fo (1 — aP), assuming the 
compressibility a to be constant, and if we take v = B'O/p—c + h^' (where 
€—6 represents the defect of volume of the vapour from the ideal volume P^/j?, 
and is to a first approximation a function of the temperature only), we obtain 

P/^log, (p/po) = (c--b)(p-~po) + Vo (P-~Po)-~4aVo (P^--PoU (4) 

where P, p, and Po, po, are corresponding limits of P and p. According to 
this equation it would require a pressure of about 2000 atmospheres only to 
increase the vapour-pressure of water fourfold at 27^ C. The approximate 
equation (2), which is often applied to such calculations, would give upwards 
of 4600 atmospheres. The term (c—h) (p—po) is negligible at this tempera- 
ture, as p is so small, but it amounts to about 17 per cent, at 200° C, if 
pIPq = 4. It has the effect of considerably reducing the pressure required 
when p is large. 

Vapour-sieve Method. 

3. It is easier to form a mental picture of the variation of vapour-pressure 
with hydrostatic pressure, if we imagine the liquid contained in a long vertical 
tube perforated with very fine holes. If the holes are fine enough and are 
not wetted by the liquid, the liquid cannot escape, but the vapour has free 
passage. If such a tube is surrounded by vapour in an isothermal enclosure, 
the liquid must be in equilibrium with its vapour at all points, which leads 
immediately to equation (3). If the holes are wetted by the liquid the same 
arrangement will apply for negative values of P. Poyntingf deduces that the 
pressure of the vapour molecules in the interior of the liquid at any point of 
such a tube must be everywhere proportional to the pressure of the vapour 
immediately outside the tube. There is reason for believing that the vapour- 
pressure in the liquid is not merely proportional to that outside, but is equal 
to it, in other words that it is everywhere the same as if the liquid were 

■^ Callendar, ' Eoy. Soc. Proc.,' vol. 67, p. 270, 1900. R' is the gas-constant, R = 
1*98 calories, divided by the molecular weight m of the vapour. 
t Log. cit. 
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absent. I have shown* that such an assumption appears to account satis- 
factorily for the variation of the specific heat in the case of water. 

The same reasoning precisely applies if the vapour-sieve tube contains any 
solution in place of a pure liquid. Equilibrium will be rapidly established by 
condensation or evaporation of the vapour until condition (3) is satisfied. A 
column of pure solvent in equilibrium with the same vapour column must be 
in equilibrium with the solution at corresponding heights. If the holes in the 
vapour-sieve are fine enough to permit passage only to the vapour molecules, 
we may imagine the solution column surrounded by the solvent column without 
disturbing the equilibrium. The difference of hydrostatic pressure between 
the columns of solution and solvent at any height is the osmotic pressure 
corresponding to the concentration and hydrostatic pressure of the solution at 
the point considered. In other words, we may regard a semi-permeable 
membrane, such as is usually postulated in considering osmotic pressure, as 
being in reality a vapour-sieve, permeable only to the vapour. Such an 
assumption does not appear to be inconsistent with any of the well-established 
facts regarding osmotic pressure, and gives a somewhat simpler physical con- 
ception of the phenomena of osmosis. 

Application of the Va^wur- sieve Piston* 

4. Without assuming that a vapour-sieve might be made to act as a 
semi-permeable membrane in osmotic experiments between solution and 
solvent, it is easy to show by the application of a vapour-sieve piston that 
the vapour-pressures of solution and solvent are the same (under any 
hydrostatic pressures) w^hen they are in osmotic equilibrium through a semi- 
permeable membrane. Suppose that the solution and solvent are in 
equilibrium, as indicated in fig. 1, on either side of a semi-permeable 
membrane B under pressures P'^ and P' applied by means of vapour-sieve 
pistons A and C. The pressure-difference P^'—P' is the osmotic pressure Po. 
If the arrangement is contained in an isothermal enclosure, through which 
the vapour has free circulation, the vapour-pressure p"' of the solution 
under pressure P'^ must be equal to the vapour-pressure p' of the solvent 
under pressure P^. Otherwise a continuous supply of work might be 
obtained by utilising the pressure-difference of the vapour. By similar 
reasoning we may assert generally that any two solutions in equilibrium 
through any kind of membrane or capillary surface must have the same 
vapour-pressures in respect of each of their constituents which are capable 
of diffusing through the surface of separation. This has for a long time beeii 

* ^Phil. Trans.,' A, 1902, p. 147. 
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generally admitted, but the vapour-sieve piston supplies what is perhaps the 
simplest proof based on known physical properties. 

We have seen that equation (3) must apply accurately to the equilibrium 
between a vertical column of solution and vapour under the action of 
gravity, but there is one respect in which the equilibrium of such a solution 
differs from that of the pure solvent. The concentration of the solution is 
independently variable, and must vary in such a manner as to make 
equation (3) hold. The variation of vapour-pressure with height in such a 
column of solution is not necessarily that due to variation of pressure alone. 
This has been recognised by Spens and Porter, who have deduced the 
variation with pressure independently of concentration, by the method of 
an isothermal cycle. The cycles which they employ appear, however, to be 
unnecessarily complicated. Porter applies pressure by means of an inert gas, 
which is assumed not to dissolve in the liquid or alter its vapour-pressure, 
and which adds unnecessary terms to the equation, besides requiring the 
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Fia. 1. — Equality of Vapour-pressure in Fig. 2.-— Change of Vapour-pressure of a 
Osmotic Equilibrium. Solution with Hydrostatic Pressure. 

application of an additional piston permeable to the vapour but not to the 
gas. The result may be more simply and directly deduced by the aid of a 
vapour-sieve alone. 

Imagine unit mass of solution of volume F, confined in a cylinder ABC 
between a fixed vapour- si eve B, and a solid piston A, by which pressure P 
is applied. The vapour, at pressure p, corresponding to P, is confined by a 
solid piston C, which we will suppose at first to be in contact with B, so 
that the volume of the vapour is initially zero. The cycle is as follows : — 

(1) Keeping the pressures constant, evaporate a small mass dm of solvent. 
The work done by the piston C is pv dm. The work done on the piston A 
is PU dm, where ?7is the rate of diminution of volume of the solution at a 
pressure P per unit mass of solvent abstracted. The volume of solution 
remaining is now F— Udm. The state of the system at this stage is that 
represented in fig. 2. 

(2) Increase the pressure on the solution to P' , by means of the piston A, 
at the same time moving the piston 0, so as to keep the vapour in equilibrium 
with the solution without condensation. Suppose the pressure of the 
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vapour is increased to p'. The work done on the system is given by the 
expression, 

Pd(V--U dm)— i pdvdm. 

(3) Keeping the pressures constant at P' and p\ condense the mass dm of 
vapour by moving piston C into contact with B, at the same time moving 
piston A outwards through a space U'dm, where U' is the value of U 
corresponding to pressure P', The work done on the system is 

— P'U' dm + p'v\hn. 

(4) Release the pressure on the solution to its original value P, restoring 

. rP' 
the original volume V, The work done on the system is + P dV. 

Jp 

fp' cv' 

Collecting the terms, and observing that pV— pv = I pdv+j vdp, we 

obtain finally^ ^ 

U dP = V dp, or XJ dP = V dp, (5) 

J p Jp 

which expresses the variation of vapour-pressure of a solution with pressure 
alone, assuming the temperature and concentration constant. 

Variation of Concentration in a Vertical Column. 

5. It appears from this result that the concentration of a vertical column 
of solution will not remain uniforBi when in equilibrium with the vapour at 
all heights, unless ?7= V for the solution. If the whole length of the column 
is in contact with the vapour through a vapour-sieve envelope, the attain- 
ment of equilibrium with the vapour by condensation and evaporation would 
be comparatively rapid if the temperature is maintained uniform. If the 
solution were contained in an impervious tube, the same final result would 
be produced by diffusion of the vapour through the solution, but the attain- 
ment of equilibrium would be very slow. 

Since the whole change of vapour-pressure in such a column in the 
equilibrium state is given hjvd.pz^^ VdP, and the partial change dp' due to 
pressure is given by v dp' = UdP, the change dp" due to change of concen- 
tration is given by v dp" =^ { V— U) dP, If F— U is negative, which is 
generally the case, the increase of vapour-pressure downwards in such a 
column will be less than that due to pressure alone, and the concentration 
will increase with depth. The values of F— U for any solution are readily 
deduced from a table of densities or specific volumes Ffor any concentration G 
in grammes of solute per gramme of solution, by the relation 

Y-U = C(dV/dC), (6) 
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which shows that F— U is negative when the density increases with concen- 
tration. 

Variation of Osmotic Pressure with Hydrostatic Pressure. 

6. Since the osmotic pressure is the difference of the hydrostatic 
pressures P" and P' of the solution and solvent when their vapour-pressures 
are equal, the variation of osmotic pressure with hydrostatic pressure is 
readily deduced from equation (5). If W is the specific volume of the pure 
solvent, we must have for equilibrium, W dP' — UdP'\ since each is equal 
to V dp'. The corresponding change of osmotic pressure dP^ is equal to the 
difference dP' — dP', whence, 

dPo/dP' = (W-U)/U, or dPo/dP" = (W-U)/W. (7) 

If t^= JPF there is no change in the osmotic pressure with hydrostatic 
pressure. This is equivalent to the assumption made by Lord Berkeley and 
Mr. Hartley* that the osmotic pressure varies with concentration only, 
which appears from their experiments to be approximately true for some 
solutions. 

The relation between the equilibrium pressures P' and P" for solution 
and solvent corresponding to the same value po of the vapour-pressure is 
immediately obtained by integrating formula (5) between corresponding 
limits for solution and solvent. We have evidently, 

UdP''= vdp, and WdP'= v dp, 

J Till J n" J d' J d' 



P 

whence rUdP'-fwdP 

p" J p' J p 



'=r'vdp, (8) 



where ^',j9'' are the vapour-pressures of solution and solvent, each under the 
pressure of its vapour only. This agrees precisely with the result obtained 
by Porter, but it seems better to deduce it from (5) in place of employing a 
special cycle. 

The osmotic pressure may readily be deduced from the vapour-pressures 
p' and p'^, for any value of P' or P" if the value of U is known. The most 
uncertain element in the calculation is the variation of ?7 with pressure. 
If Pq is the value of the osmotic pressure P" —P' when the solvent is 
under its own vapour-pressure p' only, or when P' = p^ = po, the term 
containing TF vanishes, and the limit of integration P'^is Po'+p'. Similarly, 
if Po" is the osmotic pressure when the solution is under its own vapour- 
pressure y only, or when P^' = p' and P' — p"~P^\ the term containing 

^ 'Boy. Soc. Proc./ A, vol. 77, p. 156, 1906. 
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U vanishes. The limits of the integral v dp are the same in both cases, and 
we obtain, assuming v = E'^/^p — c-f &, 

(Po' + p'-p")Uo = E'^log(p7p")-(c-b)(p'-p") = (Po"+p'-p")Wo, 

(9) 

where Uq, Wq, are the mean values of II and W taken with respect to 
pressure between the corresponding limits of integration. 

The term containing (c — h) is retained, though unimportant at ordinary 
temperatures, because (o — h) is about 75 times as large as W for water at 
0° C.,* and because it becomes important in comparison with B0 when p 
is large. 

For most experimental purposes the small terms involving the factor 
(^y— .y^) may be neglected. We then have, approximately, 

Po'Uo = Tl'd log (p7p") = Po'Wo. (10) 

The values of Po'^ a^'O the same for solutions having the same vapour- 
pressure p^ : or the values of the vapour-pressure will be very nearly the same 
for isotonic solutions tested under atmospheric pressure. But Po^^ cannot 
be directly measured by balancing against the pure solvent, as the 
corresponding value of the pressure on the solvent is large and negative, being 
approximately equal to — Po''. The osmotic pressure measured by direct 
experiment, with the solvent under atmospheric pressure, is approximately 
equal to Po, and is correctly related to the vapour-pressure p'' of the 
same solution by equation (10), as was proved approximately by Spens, but 
more accurately by Porter. 

For an actual vertical column of solution in. equilibrium, equation (3) 
applies accurately, with V the specific volume of the solution in place of U, 
This gives the approximate equation usually quoted, namely, 

PoYo = ir^ log (pVp'O, (11) 

where Vo is the mean specific volume of the solution column, Po is the 
osmotic pressure at the bottom of the column, and p'' is the vapour-pressure 
at the top, where the concentration is generally different. Lord Berkeley 
and Mr. Hartley, in comparing their observations of vapour-pressure and 
osmotic pressure for the same solutions, found that the values of the osmotic 
pressure calculated from the vapour-pressure by equation (11) were much 
larger than those directly measured for the same solutions, and rightly 
attributed the discrepancy to variation of concentration in the imaginary 

^- Porter and Spens retain the term U(p'-p"), but neglect the much larger term 
(c-b)(p'-p"). 
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vertical column by which equation (11) is deduced. They therefore deduced 
the expression, 

Po'^Wo = P/0 log (p7p"). (12) 

which correctly represents the relation between the osmotic pressure Pq" 
and the vapour-pressure '/' of the solution at the top of such a column. In 
applying this equation to the conditions of their experiments, they made the; 
assumption that the osmotic pressure could vary only w^ith concentration,, 
and that the value of Pq'' calculated from p^ by equation (12) for the- 
osmotic pressure at the top of the column (where the solvent is under 
negative pressure) would be the same as the osmotic pressure directly- 
measured for a solution of the same concentration with the solvent under 
atmospheric pressure. The approximate agreement of their observations 
with equation (12) would appear to imply, as Spens pointed out, that U is 
nearly equal to IF for the solutions they employed. Strictly speaking, the 
value of Fq" given by equation (10) or (12) is not equal to that of Pq^ in 
equation (10), even ii U=^W when solution and solvent are under the same 
pressure, because the mean values 17^ and Wq are taken for positive and 
negative pressures respectively. The difference, however, would amount to 
less than 1 per cent, for the largest pressures measured by Lord Berkeley and 
Mr. Hartley. 

Example of Variation of Concentration in a Vertical Column, 

7. The variation of concentration in a vertical column of solution under 
gravity can be determined if the density and osmotic pressure are known as 
functions of the concentration. The osmotic pressure Po at the bottom of 
such a column given by equation (11) exceeds the value of Vq, given by 
equation (10) for a solution having a composition corresponding to the 
normal vapour-pressure p'', in the proportion of Uq to Vq, For strong 
solutions, the value of Fo may be determined readily by successive 
approximation. But if the difference is small, and if the concentration C is 
defined as in equation (6), we have the approximate relation, 

dC/C = -P(dV/dP)/V, (13) 

where dV h the change of V corresponding to the difference of osmotic 
pressures dP=Po--Po', and G, P, and F, are the mean values of the con- 
centration, osmotic pressure, and specific volume for the column. 

It may he interesting to give, as an example, the variation of concentra- 
tion in a vertical column for the solutions examined by Lord Berkeley and 
Mr. Hartley, for which the requisite data are available. They give the 
concentration in grammes of sugar per litre of solution at 0° C. If the 

VOL. LXXX. — ^A. 2 L 
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concentration measured in this way is denoted by C\ while G denotes, as 
before, the concentration in grammes per gramme of solution, we have 
0' = 1000 C/r. The values of U and V for the solutions at 0° C. are 
calculated from Landolt and Bernstein's tables of the densities of cane-sugar 
solutions at 0° C, in which the concentration is expressed in grammes of 
sugar per 100 grammes of solution. 



Table I. — Variation of Concentration in a Vertical Column of Solution 

of Cane-sugar at 0° C. 
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The first four columns contain the data for the solutions employed, and 
correspond to the concentration at the top of the imaginary vertical column. 
Po and Co' are the osmotic pressure and concentration at the bottom of the 
column. Vo is the mean specific volume, which is seen to differ little from 
that at the top. The variation of concentration is considerable, and 
illustrates the order of error involved in applying the usual formula (12) to 
the case of strong solutions. The numbers in the last column appear to 
indicate a systematic error in the experimental numbers for strong solutions. 
They would be more regular if the theoretical expression given below for 
the osmotic pressure were employed in the calculation. 

The Cellular Osmotic Column. 

8. A case of special interest, as corresponding more closely with the kind 
of osmotic column which actually occurs in nature, is the cellular osmotic 
column. If a series of minute osmotic cells with flexible walls are disposed 
in a vertical column supported by fibrous material, and surrounded by an 
atmosphere of vapour, the hydrostatic pressure will be nearly uniform 
throughout the column, and equal to the vapour-pressure. Such a column 
will be in equilibrium when the concentration at any height is such that 
the vapour-pressure of the solution is equal to that in a column of vapour 
at the same height. Supposing that the vapour-pressure at the base is equal 
to that of the pure solvent, the concentration will increase from zero upwards, 
and the osmotic pressure referred to pure solvent at any lieight is that given 
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by equation (10). The concentration at any height is the same as that at 
the top of a continuous column of solution of the same height, but the 
elevation of the solvent is obtained more economically, without any excessive 
pressure differences, and with less than half the quantity of dissolved 
substance. 

Since the osmotic pressure at any height depends on U, and not on V as 
in a continuous vertical column, it would appear at first sight as though the 
action of gravity in changing the concentration were eliminated by the 
cellular arrangement. But this is not the case, because the concentration in 
each little cell must vary in the same way as in a vertical column. The 
effect of this is to make the elementary difference of osmotic pressure between 
the top of one cell and the bottom of the next greater in the proportion of 
U to V than it would be if the concentration were uniform in each cell. 
Since the direction of the change of concentration in each cell depends on 
the direction of gravity, it would appear that gravity must exert some 
directive action on the growth of the plant on this account. In a growing 
plant the conditions are seldom those of equilibrium or constant temperature, 
and many other factors are operative, but the consideration of the condition 
of equilibrium is important, because the rate of osmosis will be determined 
chietiy by the extent of the departure from the condition of equilibrium. 

Method of the Osmotic Circuit. 

9. A circuit consisting of different phases containing one component in 
common presents many points of analogy with an electric circuit. The 
analogy is particularly close between thermoelectric and osmotic circuits. 
The electromotive force round a circuit is measured by the work done in 
taking unit quantity of electricity round the circuit, and is zero in a thermo- 
electric circuit when there is no difference of temperature. Similarly, in an 
osmotic circuit in equilibrium at uniform temperature, the work done in 
taking unit mass of solvent round the circuit must be zero. Neglecting 
external forces, such as gravity, the work done is represented by the integral 
of U (IP taken round the circuit between limits corresponding to the transition 
points between the phases, where U is the increase of volume of the phase 
considered per unit mass of solvent added at a pressure P. The method of 
the osmotic circu.it essentially corresponds to the more familiar method of 
the isothermal cycle, but it has the advantage that the limits of integration 
are obvious, and that the correct result can be written down in any case by 
mere inspection ; whereas the method of the isothermal cycle is often very 
complicated and difficult to follow, as may be seen by reference to the 

A Jj 2i 
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examples given by Spens and Porter. A number of unnecessary terms are 
introduced, and the greatest care is required to avoid making mistakes, of 
which a large number might be cited. 

If we consider a vertical column of liquid or' solid, in equilibrium with its 
vapour through a vapour-sieve envelope as in Section 2, taking the integral 
of V d'p round any circuit partly in the vapour and partly in the liquid or 
solid, we obtain immediately equation (3) and its corresponding integral. In 
the case of a pure liquid, the work done against gravity is negligible, because 
TJ is the same as F", the specific volume of the liquid, at all points. In 
the case of a solution, where JJ may differ from F, the work done against 
gravity in raising a mass of specific volume JJ through a solution of specific 
volume F", which is represented by the integral of (F — U)dP per unit mass, 
must be added to the integral of UclP in the solution. This has the effect of 
replacing U hj V in the equation, as already explained in Section 5, and 
takes account of the effect of gravity in altering the concentration. If this 
effect of gravity is neglected, and the solution assumed uniform, the method 
naturally gives the effect of pressure alone, as represented by equation (5). 



Analogy loith the Isothermal Cycle. 

10. A closer correspondence betw^een the circuit method and the method of 
the isothermal reversible cycle is obtained if we suppose the pressure- 
differences in the circuit utilised for the performance of external work by 
means of imaginary isothermal reversible motors or pumps. Let fig. S 
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represent such a circuit consisting of solution and vapour separated by 
vapour-sieve partitions A and B. Suppose isothermal reversible motors 
M', M'^, included in the curcuit, separating the solution into two parts under 
pressures P and F' , and the vapour into two parts under corresponding 
pressures 'p and p , If the temperature is maintained uniform, the work 
done by the motor M' per unit mass of solvent passing through it must be 
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•equal and opposite to that done by the motor M''. No external work is 
done at other points of the circuit. The work done per unit mass passing 
through the motor M' is evidently 

P'U'+rPdU--PU= r'udP. (14) 

Similarly the work done per unit mass of the vapour passing through the 

motor M'^ in the direction indicated by the arrows is given by v dp. The 

sum of these must be equal to zero, which corresponds with the result of the 

isothermal cycle represented by equation (5). 

As an additional complication, we may introduce the solvent into the 

circuit (though this is really unnecessary, and does not prove anything new), 

as indicated in fig. 4, by supposing it separated from the solution by a 

semi-permeable membrane under pressures P' and P^' respectively, such that 

P' — P''' equals the osmotic pressure Pq. An equivalent method is to employ a 

pair of vapour-sieve partitions A and B, separated by a space containing 

vapour at the common pressure po. The motors M^ M'' serve to reduce the 

pressures of the solvent and solution respectively to equilibrium with their 

normal vapour-pressures p', p/' The vapour is separated into two parts at 

pressures p' and p'' by the motor Mq. Equating to zero the sum of the 

external work done by the three motors, we have evidently, 

fF" rv" cv' 

IT dP + V dp + W dP = 0. (15) 

J p" J p/ J p' 

This corresponds with the isothermal cycle worked out by Porter,* but 
the circuit method enables the whole process to be displayed graphically, 
and the physical interpretation of each term in the result is made immediately 
obvious. 

J^ffect of Pressure on the Latent Heat of Vaporisation, 

11. In an isothermal circuit or cycle the algebraic sum of the quantities 
of heat absorbed and liberated must also be equal to zero. Applied to the 
isothermal circuit of fig. 1, in which solvent and solution are in osmotic 
equilibrium under pressures P' and P'', this condition leads to the result that 
the latent heat of vaporisation of the solution at A must be equal to the 
latent heat of condensation of the solvent at C, under the same vapour- 
pressure plus the heat Qo evolved on dilution at B. 

L" = L^ + Qo. (16) 

Applied to the osmotic circuit of fig. 3, the condition gives the rate of 

* Log. cit. 
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variation of the latent heat of vaporisation of a sokition with change of 
pressure at constant temperature. The heat absorbed in vaporisation at A, 
phis the heat absorbed in the motor jVr^, equals the heat evolved in con- 
densation at B, plus the heat evolved in the motor M^ Supposing for 
convenience that the difference of pressure is small, or that P^— P = dP, and 
p" — p= dp, the heat absorbed in the motor M^^ is —^dp(dv/d^), which is. 
approximately equal to the work done — vdp, since (dv/d^) is nearly equal 
to y/6 for the vapour. The heat absorbed in the motor M'is similarly equal 
to — ^ dP(dU/d^)p. Since v dp^XJ dP, we have evidently the relation, 

(dL/dP), = U-e (dU/d6>)p. (17) 

A precisely similar relation appUes for the pure solvent, with the sub- 
stitution of W, the specific volume of the pure solvent, in place of U. If we 
apply this relation to the case of water at 4^ C, at which temperature 
(dW/d^) = under atmospheric pressure, we find the rate of increase of the 
latent heat per atmosphere (10^) of pressure equal to 10^ ergs, or a pressure 
of about 42 atmospheres would be required to increase the latent heat by 
1 calorie. The change at other temperatures can be deduced from a knowledge, 
of the coefficient of expansion. 

Theory of Osmotic Pressure. 

12. The several theories of osmotic pressure now current may be roughly 
classified under four heads : (1) The gas-pressure theory, according to which 
the osmotic pressure due to the molecules of the solute is the same as that 
which would be exerted by the same number of molecules of gas occupying 
the same volume at the same temperature. (2) The surface-tension theory, 
according to which the pressure developed is due to surface-action or 
difference of surface-tension. (3) The association, or hydrate theory, 
accordino^ to which the effects are due to residual chemical affinity between 
solvent and solute, resulting in the formation of hydrates or similar 
molecular complexes. (4) The vapour-pressure theory, according to which 
the osmotic pressure is simply the pressure required to produce equilibrium 
of vapour-pressure between the solvent and solution. It is probable that all 
the theories possess some elements of truth, and that they may be to some 
extent merely different aspects of the same phenomenon. 

As an illustration of the deviation of the experimental results from the 
usually accepted theory, the observations of Lord Berkeley and Mr. Hartley 
on the osmotic pressures of strong solutions of cane-sugar and dextrose at 
O'' C. are plotted in the accompanying diagram, fig. 5. In their papers the 
results are tabulated and plotted in terms of concentration C in grammes 
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of sugar per Hire of solution, which has generally been adopted in dealing 
with osmotic pressure in consequence of Van't Hoff's theory. It is more 
convenient, however, in dealing with osmotic pressures or depressions of the 
freezing-point in strong solutions, to plot the results in terms of concentra- 
tion 0" expressed in grammes of solute per gramme of solvent, because for 
normal solutions such as cane-sugar the curves are more nearly straight, 
and the deviation of the observations from the theoretical curves can be 




1 2. 3 4 5 6 7 8 

Fig. 5. — Osmotic Pressures of Solutions of Cane-sugar and Dextrose. 



more readily estimated. In dealing with densities or specific volumes it is 
generally better to employ the percentage concentration 100 C (grammes 
of solute per 100 grammes of solution) in terms of which they are usually 
tabulated. The relation between the three modes of expressing the concen- 
tration is 

0^7"=: G = 0^7(1 + C'O- 

In comparing solutions of different substances it is necessary to plot the 
results in terms of the ratio of the number of molecules qi of the dissolved 
substance to the number of molecules N of ifie solvent in the solution, 
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because the relations involved are of a molecular nature. We have 
njN = mG" JM, where m and M are the molecular weights of solvent and 
solute respectively. In plotting the observations in fig. 5, N is taken as 
equal to 100, and the values of the osmotic pressure are plotted against the 
number n of molecules of solute to 100 molecules of solvent. The molecular 
weight of water is taken as 18, and the corresponding values for cane- 
sugar and dextrose as 342 and 180 respectively, which are sufficiently 
approximate for the purpose. 

According to the gas-pressure theory, as usually stated, the pressure exerted 
should be given by the formula, 

P r= E6>C7M =:: E0C/MY, = E^C'VMV (l-fC'O, (IS) 

where E is the gas-constant and V the volume of unit mass of solution 
containing C/M gramme-molecules of solute. It is well-known that this 
gives values of P which are much too small for strong solutions, in fact 
nearly three times too small for the strongest solutions of cane-sugar tested 
by Lord Berkeley and Mr. Hartley, as shown by the curve marked I in 
fig. 5. A better approximation is obtained if V is replaced by the volume 
■of solvent in the solution, namely (1 — C) U, which gives 

P =: E^C/MU(1~-C) ^ E^C'VMU. (19) 

This proceeding is analogous to subtracting the covolume term h from the 
volume occupied, as in the gas equation of Van der Waals. But even this 
is not sufficient in the case of cane-suo-ar, as shown bv the straight line 
marked II in iig. 6. The residual discrepancy may be accounted for by 
introducing other empirical terms in the equation as indicated by Lord 
Berkeley in his note On the AjJj^liccdion of Van der Waals' Uqibation to 
Soltdionsf" This is not altogether satisfactory, because so many different 
types of equation are possible, and the empirical constants cannot be inter- 
preted, or predicted from other properties of the substances concerned. 

The surface-tension and hydrate theories, as usually stated, are unprofit- 
able, because they do not appear to admit of the calculation of the osmotic 
pressure for comparison with the results of experiment. There is no doubt 
that differences of surface-energy exist between the solution and solvent, 
.and that molecular complexes are formed in solution, and that such 
►effects might give rise to a difference of pressure, but the relation between 
the phenomena is not directly capable of numerical expression in any obvious 
manner. 

The vapour-pressure theory is undoubtedly the most practical, because 
Jthere is a definite and simple relation between the vapour-pressure and the 

^ 'Eoy. Soc. Proc.,' A, vol. 79, p. 125. 
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osmotic pressure, which has been closely verified by the experiments of Lord 
Berkeley and Mr, Hartley for strong solutions. It remains to be seen 
whether the vapour-pressure of a solution can be theoretically related in 
any simple manner to its molecular constitution. A step in this direction 
has been made by Poynting,* who supposes that each molecule of the 
solute combines with a molecules of solvent in such a manner as to render 
them inactive for evaporation. If there are n molecules of solute toiVof 
solvent in the solution, the ratio of the vapour-pressures p'^ li^ of solution 
and solvent should in that case, according to Poynting, be the ratio of the 
number of free molecules of solvent N—an to the whole number of molecules 
of solvent N in the solution. We thus obtain the relations 

p'7p'=:=(IS^-an)/N", or (p'-p'O/p' = W^^- (20) 

In order to reconcile this assumption with Eaoult's law for dilute solutions 
of non-electrolytes, it is necessary to suppose that a = 1, or that each 
molecule of solute combines with only one molecule of solvent. Since 
■n ■= CJM and N = (l — G)/m, where M, m are the molecular weights of the 
solute in solution and of the vapour of the solvent respectively, we obtain 
immediately by substitution- in (2) or (3), putting v = E^/mp and V — U, 
the approximate result (19), which is equivalent to that given by Poynting. 
But Poynting applies the assumption only to dilute solutions, and does not, 
therefore, distinguish between U, V, and W. 

The advantage of making this assumption with regard to the variation of 
the vapour-pressure with the number of free molecules is that it gives a 
comparatively simple explanation, without straining the gas-pressure analogy, 
of ihe fact that the osmotic pressure appears to depend more nearly on the 
volume occupied by the solvent in the solution than on the whole volume of 
tlie solution. The particular assumption made does not, however, appear to 
be quite satisfactory for two reasons : (1) it does not represent the results of 
•experiment sufficiently closely for strong solutions, and (2) it is necessary to 
suppose that each molecule combines with only one molecule of solvent. If 
each molecaile of the solute combines with two or three or more molecules of 
solvent, the change of vapour-pressure and the depression of the freezing- 
point, on Poynting's assumption, would be twofold or threefold, or in propor- 
tion to the number of molecules to each molecule of solute. At first sisht 
this would give a natural explanation on the association theory of the case of 
electrolytes, if there were not so much conclusive evidence that the effect in 
this case is due to dissociation or multiplication of molecules. The existence 
of multiple hydrates would rather lead one to expect that the molecular 

^ ' Phil. Mag.,' vol. 42, p. 298, 1896. 
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complexes occurring in solutions often contain several molecules of solvent,, 
and that the number of molecules of solvent in each complex may vary 
considerably without producing so marked an effect on the vapour-pressure 
or the freezing-point as would be indicated by Poynting's theory. 

A more natural assumption to make with regard to the dependence of the 
vapour-pressure on the number of molecules in the solution would appear tO' 
be that the vapour-pressure ratio p'VP^ i^ equal to the ratio of the number of 
free molecules of solvent to the whole number of molecules in the solution,, 
instead of to the number of molecules of solvent. On this view, each 
molecular complex is treated as a single molecule, and it is immaterial,, 
to a first approximation, how many molecules of solvent it may contain. 
If each molecule of solute appropriates a molecules of solvent, and if n, N' 
denote, as before, the whole number of molecules of solute and solvent 
respectively in the solution, the number of free molecules of solvent is 
N—an, and the whole number of molecules in solution is N—an-{-n, We 
thus obtain, 

Eatio of Yapour-Pressures p'Vp' ~ (N"— an)/(lsr — an4-n). 

Relative Lowering of Yapour-Pressure (p' — p'O/p' = n/(N — an-fn), 
Lowering Eelative to Solution {v —V)lv" = n/(N— an). (21> 

This agrees with Poynting's assumption in the special case where a = 1, 
and coincides with Yan't Hoff's theory in the limit for dilute solutions, 
wliatever he the value of a. But it makes a very considerable difference' 
in the case of strong solutions. In applying the assumption i^ j];)" 
= {N—an-{'n)l{N—aQi) to strong solutions, it is necessary to employ the^ 
logarithmic formula (10), namely, F^' Uq-= Bd logei'p' l:p")lm, in place of 
the approximate formula (2). The curves in fig. 5 are drawn to represent 
the values of the osmotic pressure for the two cases a — 2 and a = 5, which 
appear to represent the observations on dextrose and cane-sugar within the 
limits of experimental error. The product FU is plotted in place of F,, 
because the correction for U is small and somewhat doubtful, and was not 
applied by Lord Berkeley and Mr. Hartley. The highest points for cane-sugar 
at n == 7*6 lie below the curve, but the agreement is sufficiently close to- 
sugo-est that the formation of molecular complexes containing several 
molecules of solvent is a very probable explanation of the main features 
of the variation of osmotic pressure with concentration in solutions of the 
same kind as those of cane-sugar. 

It will be observed that since log^ (1-hx) = x-~Jx2--t-^x^.., the ex^Dres- 
sion for the osmotic pressure reduces approximately to the form 

P = E6>n/(:Nr-an) Um, (22) 
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when n is small compared with N—an. Here Uni is the volume occupied by 
1 gramme-molecule of the solvent in the solution; N—om is the number 
of free molecules of the solvent in the solution to n of the solute. The- 
osmotic pressure is therefore approximately equal to that which would be 
exerted by n molecules of gas in the volume occupied by the remaining free 
molecules of the solvent. The gas-pressure analogy still holds to this extent^ 
as a first approximation, even in fairly strong solutions. But it would be 
straining the analogy unduly to regard the pressure which the molecules, 
would exert in an imaginary volume if they were gaseous as being the 
primary cause of the phenomena of osmotic pressure. In reality the- 
equilibrium depends primarily on equality of vapour-pressure. If vapour 
is supplied to a solution at a pressure in excess of the normal vapour- 
pressure of the solution, the vapour will condense in the solution, and the- 
condensation will continue until either the pressure, or the temperature, or 
the concentration of the solution, is changed in such a manner as to restore, 
equilibrium between the solution and the vapour. The assumption of a 
simple mxolecular relation for the vapour-pressure seems also to give better 
agreement with experiment than the assumption of a similar relation for the; 
gas-pressure. 

Lowering of the Freezing -"point in Strong Solutions. 

13. Direct measurements of the vapour-pressure or osmotic pressure im 
strong solutions are very diiJicult, and there is little material available for 
testing the theory in this direction. Observations of the lowering of the- 
freezing-point are more numerous, and less liable to serious error, althoughi 
they present considerable difficulties in the case of strong solutions. In. 
the usual case of the solvent separating out in the pure state on freezing, the 
vapour-pressure of the solution at the freezing-point must be equal to that of 
the solid solvent. Taking the case of aqueous solutions for simplicity of 
description, in order to find the osmotic pressure of a solution at its freezing- 
point we have merely to substitute the value p of the vapour-pressure of ice 
in place of p'\ the vapour-pressure of the solution in formula (10) for the 
osmotic pressure. The determination of vapour-pressure, or molecular weight,, 
or osmotic pressure, by the freezing-point method depends, therefore, primarily 
on knowing the relation between the vapour-pressures of ice and water below 
the freezing-jDoint. 

The difference of vapour-pressures 2^— ^9' of ice and water at a temperature 
t^ C. near the freezing-point 0° C. is generally obtained from Kirchhoff's 
approximate formula, 

dp/de'-dpVdg^ = LJOy, (23). 
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■where L is the latent heat of fusion, and v the volume of the vapour. 
Putting p—^/ for dp — dp', and t for dO, and substituting v = B.do/mp\ we 
-obtain, 

(P-pO/p' = +mU/R6o'^ (24) 

Equating this to the approximate formula for the relative lowering of the 
vapour-pressure of the solution (p^— p'')/p' in terms of the osmotic pressure 
and the concentration, we have the usual relation 

mPU/E(9 == n/I\T = mC'VM = --mLt/E<9o^ = -2'64t/^o- (1) 

Tliis gives for the " molecular lowering " of the freezing-point produced by 
1 gramme-molecule of solute in 100 grammes of solvent, in the case of water, 
the value t^ = 18°^6, or for 1 gramme -molecule in 100 gramme-molecules of 
water the value t — 1°'033, if L is taken as 79*5 calories, and E — 1*98 
calories. 

Eesults for the lowering of the freezing-point in strong solutions are 
generally compared by tabulating the molecular lowering deduced from 
different ranges of temperature, for comparison with the approximate result 
given by this formula. This method illustrates the wide divergence of the 
experimental results from the approximate formula, but it does not throw 
much light on the causes of the divergence, because the approximate formula 
deduced on such assumptions could not be expected to hold at all accurately 
except in the immediate neighbourhood of the freezing-point. 

The formula tacitly assumes that the ratio of the difference of vapour- 
pressures of ice and water to the vapour- pressure of water is directly 
proportional to t. To give some idea of the error involved in the case of 
.strong solutions, the values of log^ (p'/p) calculated on this assumption are 
tabulated under the heading I in the accompanying Table II, for comparison 
with the v-alues given by more accurate formulae. 

A method adopted in many books is to integrate Kirchhoff s equation on the 
.assumption that the latent heat of fusion L, or rather the difference of the 
latent heats of vaporisation of the solid and liquid, is constant, which leads 
at once to the result, 

^og,(p'/p) = -mLtfR00o, = -2'64t/(9. (II) 

This fits very well with formula (10) for the osmotic pressure, giving the 
simple expression FU=^Lt/0o, but since the specific heats of water and ice 
are known to differ considerably, the values to which it leads are probably 
quite as much in error as those deduced on the first assumption. The 
resulting values of log, (p'/p) ^^^^ given in the table under the heading II, 
and are seen to differ from those given by I by about 8 per cent, at —10° C. 
,and about 16 per cent, at —20° C. The equation is no doubt preferable to I 
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as corresponding to a simple and definite assumption, but as the assumption 
is certainly wrong, it would be futile to apply the equation to strong- 
solutions. 



Accurate Equation for the Vapour -pressures of Ice and Water in terms of the 

Specific Heats. 

14. In order to obtain a more accurate equation it is necessary to take 
account of the difference of the specific heats, which corresponds to the 
variation of the latent heat of fusion. This may be done in many ways, but- 
it affords a good example of the circuit method. Imagine a circuit consisting 
of parallel columns of ice and water, AB, CD, in equilibrium at either end 
with vapour at 0^ C, and vapour at —t^ 0, as indicated in fig. 6. Suppose; 
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Fig. 6. — Circuit Method for Ratio of Vapour-pressures of Ice and Water in terms of the- 

Specific Heats. 

unit mass to travel round the circuit in the direction indicated, starting with 
the state of vapour at 0° C. under the vapour pressure po, which is the same^ 
for ice and water. Heat L^ is evolved in condensation to water at 0° C. 
Heat s'dd is evolved in cooling for each element dO from 0^ to —t^, where 
s' is the specific heat of water under vapour-pressure |;'. Heat Z.Ms absorbed 
in evaporation at — Z^ at a pressure ^^ The vapour is then expanded through 
a motor M at constant temperature — ^^ to a pressure ^, the vapour-pressure 
of ice at —t. The work done in the motor is the integral of v dp, and is 
equal to the heat absorbed. Heat L is evolved in condensation to ice at 
— t. The integral of s dO) is absorbed in heating to 0° C, where s is the specific- 
heat of ice under its own vapour-pressure p. Finally, heat Zq is absorbed in 
evaporation at 0^ 0. The work done by the expansion of the solid or liquid 
may be neglected, because the pressures are very low and the volumes of 
the solid and liquid are quite negligible compared with that of the vapour. 
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By the first law, equating the heat absorbed to the work done, we obtain, 

(L-LO-(Lo-LoO = r(s'-s)d^. (25) 

J 00 

By the second law, taking the integral of dH/^ round the circuit, 

(L-LO/^-(Lo-LoO/^o = r(s'-s)d(9/^+r'vdp/(9. (26) 

Substituting from (25) in (26) for L—L', and putting Lf the latent heat of 
fusion at 0^ C, for the difference of the latent heats of vaporisation at 0°, we 
obtain the required relation in terms of Lf and the specific heats. 

Eloge(p7p)/m = -Lft/^i9o + ^r(s'™s)di9-r(s'~s)d^/^. (27) 

This result is equivalent to equation II with added terms representing the 
effect of the difference of the specific heats. The integrals cannot be evaluated 
exactly without a knowledge of the mode of variation of the specific heat 
with temperature, but we shall evidently obtain a much better approximation 
than either I or II if we assume {s^ —s) constant and equal to its value at 
0° C. The most probable value of the difference of the specific heats of ice 
and water at 0° C. appears to be (s'— 5)~0*52. Putting Zf=:79'5, E/m-= 
0*1103, and ^o==273, we obtain the numerical formula, 

loge(p7p) = -2-64t/^ + 4-7l(t/^-loge(^/^o)). (Ill) 

The first term is the same as in II. The second term, depending on the 
specific heats, is small because tJ0 is nearly equal to log^ {0/0o) when t is 
small. Its value to a first approximation is — 2*35 {t/0Qy. Values deduced 
from this formula are given in column III. They lie nearly midway between 
those given by I and II. 

The mode of variation of the specific heat of water at temperatures below 
0° C. cannot be determined satisfactorily by experiment. It probably increases 
with fall of temperature, being continuous with the curve above 0° C. The 
specific heat of ice appears to diminish with fall of temperature. Eegnault 
finds the value s = 0*462 for ice (corrected) between 0° and — 78°G. 
IsTordmeyer and Bernouilli give 0*345 between 0° and —185°. The probable 
error involved in neglecting the variation of the specific heat is small, andean 
be estimated by making different assumptions. If we suppose for instance 
that the difference of the specific heats varies directly as the absolute tempera- 
ture, or that (s' —s) = So0/0o, we obtain the simple result, 

K loge (P7p)/ni = -Li.t/(9^o-BotV2e6'o. (28) 

If So = 0*52, this gives the numeiical formula, 

loge(p7p) = -2*64 t/^-0*0l72 tV2^. (IV) 
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If, on the other hand, we make the exactly opposite assunaptioii, that 
{s' — s) varies inversely as 6, or s' — s = 0'526o/6, we obtain the equation. 



loge(p7p) = - 2-64 t/^-4-7l(t/^-(^o/^) logo (^/^o)). 



(V) 



Values calculated by these formulae are given in columns IV and V. The 
differences from column III are jjrobably within the limits of error of onr 
knowledge of the specific heats at 0° C. The absolute valueof (s'— s) is more 
important for our purpose than a knowledge of the mode of variation. 

It will be observed in comparing the values of log^ (p' /p) in columns III, 
IV, and V, with the values of —2*64 t/do given in column VI, that they are very 
nearly equal; the differences average about 0*5 per cent, down to —50° C. 
■jfhe values are all very nearly proportional to t, at least within the limits of 
possible error of our knowledge of (s—s). If we might assume Sq = 2Zf/$o 
— 0'582, in (28), or (L-—L')/9^ = Lf/Oo^, the equation would reduce exactly to 
the very simple form 

loge(p7P)= -2-64 1/ 00, (VI) 

which is the same as II, except that 6 is replaced by 6q, This requires a 
rather smaller value for the specific heat of ice than that usually accepted, 
but considering the uncertainty of our knowledge of the specific heats, this 
formula has been adopted in the calculations for the sake of simplicity, as it 
has a definite theoretical basis, and agrees with III or IV within the probable 
limits of error of experiment. In many cases formula V, which allows for 
the probable increase of {s—s) with fall of temperature, appears to give better 
agreement with experiment, and it may eventually prove to be a better 
approximation than the simpler formula VI. 



Table II. — Values of loge(p7p) ^^"^ ^^^ ^^^^ Water according to 

Formulae I — ^VI. 



t. 


I. 


II. 


III. 


IV. 


V. 


VI. 


• (p7p). 


o 

- 2 


-01915 


-01948 


-01935 


-01935 


-01935 


-01934 


1 -01953 


- 5 


-04721 


-04924 


-04842 


-04843 


-04842 


-04835 


1 -04955 


^ - 7 


-06548 


-06948 


-06787 


-06790 


-06786 


-06769 


1 -07004 


-10 


-09229 


-10037 


-09705 


-09711 


0-09701 


-09670 


1 -10154 


-13 


-11840 


-13200 


-12631 


-12638 


-12622 


-12571 


1 -13397 


-15 


-13543 


-15348 


-14581 


-14596 


-14567 


-14505 


1 -16611 


-20 


-17680 


-20870 


-19470 


-19500 


0-19440 


-19340 


1 -21340 


-30 


-25463 


-3259 


-2927 


-2939 


-2914 


-2901 


1 -33660 


-40 


-3269 


-4535 


-3913 


-3945 


-3876 


-3868 


1 -47231 


-60 


-4944 


-5930 


-4896 


-4963 


-4828 


-4835 


1 -62181 


-60 


-4575 


-7435 


-5868 


-5977 


-5719 


-5802 


1 -78649 
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The last column contains the Yahie of the ratio of the vapour-pressures of 
water and ice required for calculating the lowering of the freezing-point by 
the rule for the vapour-pressure of a solution given in equations (21). It may 
be remarked that this ratio cannot be taken from tabulated values of the 
vapour-pressures of w^ater and ice, such as those given in Landolt and 
Bornstein's tables (based partly on the work of Thiesen and Scheel), because 
the vapour-pressures of water below the freezing-point cannot be determined 
experimentally with sufficient accuracy for the purpose, since the difference 
of vapour-pressure is very small. Thus the ratio of the vapour-pressures at 
— 2° C. from the tables is 1*0164 ^.nd the required difference 0*0164 is about 
15 per cent, too small. But the tabulated vapour-pressures for ice agree 
with those calculated by the author's method* to within a few thousandths 
of a millimetre, on the assumption that its specific heat is 0*48 and equal to 
that of steam. 

Application to Nan- Electrolytes. 

15. In order to apply this table to the lowering of the freezing-point of a 
solution, the values oi p)' jp-^^, taken from the last column, multiplied by 100^ 
are plotted against the corresponding values of t in the diagram, fig. 7, and 
give the curve marked a = 0. The same curve, if the abscissa is taken to 
represent n, the number of molecules of solute to N — 100 of solvent, should 
give the depression of the freezing-point for a solution for which (p' —p")l'p" 
= njN, that is to say for the case in which a = in equations (21), or the 
solute does not combine with any molecules of solvent. The curves for 
different values of a are found from the curve ct = ^ hj calculating the values 
of the ratio {p—p')/p' = n/(N—an), finding the corresponding values of t 
from the vapour-pressure curve a = 0, and plotting the values so found 

against n. 

The straight line t =^ — 1•033^^ is the tangent at 0° 0. to the vapour- 
pressure curve a= 0, and represents the valpe of the depression of the freezing- 
point for a normal substance according to Van't Hoff's cryoscopic constant 
k = 18°*6 for 1 molecule of solute in 100 grammes of solvent. It gives a 
fair approximation to the curve of vapour-pressure for weak solutions, the 
error at t = —10° being less than 5 per cent. It may be necessary to point 
out that this assumption differs widely from the assumption of a cryoscopic 
constant for volume-normal solutions (gramme-molecules per litre) which is 
often made in reducing freezing-point observations according to the gas- 



iC- { 



Roy. Soc. Proc.,' JunCj 1900. The vapour-pressures of water below the freezing- 
point are often calculated from Regnault's formula for the latent heat,, which appears 
(loc. cit.) to be inaccurate. 
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pressure theory. The curve so obtained depends on the density of the solution^ 
and is different for different substances. If the depression of the freezing- 
point for solutions of cane-sugar were proportional to the number of gramme- 
molecules per litre, we should obtain the curve marked I in Hg. 7, which 
illustrates the danger of pushing an attractive analogy too far. The depression 
calculated on the gas-pressure theory would be 3°*72 for a solution containing 
2 gramme-molecules of sugar per litre, as against 6°- 6 if the depression is 
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Fig. 7. — Depression of the Freezing-point in Aqueous Solutions. 
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proportional to n/N. Experiment gives 9°*15, according to Jones and Getman. 
The gas-pressure theory is inconvenient, because it involves considerations of 
density, and it fails to represent the observations satisfactorily, even for 
weak solutions, because it gives in many cases so bad an approximation to 
the vapour-pressure curve. 

The crosses marked S, representing the observations on the depression of 
the freezing-point for cane-sugar, agree very well with the curve marked 
VOL. LXXX. — A. 2 M 
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a = 5, as in the case of the osmotic pressure. Thus the observed depression 
s,t n = 6-41 is ?^ = —9^-15. The calculated value for a = 5 is t = — 9*^-30. 
Yan't Hoff's rule gives t = — 6°-60. For a = the depression wou.ld be 
t = — 6^'42. The depressions recorded in Landolt and Bornstein's tables for 
methyl and ethyl alcohols, marked A in fig. 7a, agree very well with the curve 
marked a = 1, up to ti = 20 molecules per 100 of solvent. One observation 
for ethyl alcohol in fig. 7b, at t^ = 33*7, lies entirely off the curve. 

\_Note added April 13, 1908. — Guthrie's observations* on the freezing of 
alcohol solutions appear to indicate that a hydrate may separate in place of 
pure ice when n = 20, giving rise to a discontinuity in the F. P. curve. 
Analysis of his observations down to —65° 0. indicates a third branch 
extending from n = 4:2 to ??, = 90, but the temperatures in this region are 
probably not very accurate. The ice branch, giving a = 1, can be traced as 
far as ^ = 25, in the absence of the first hydrate.] 

The values for glycerine (G) agree with the curve marked a =2. The 
freezing-points for acetone (Ac) and formic acid (F) lie lelow the curve ct = 0, 
in a manner which suggests that the dissolved molecules associate with each 
•other in solution according to a similar law, as the points representing the 
observations lie very symmetrically on either side of the curve marked a= — 1. 

Application to ElectQ^olytes. 

16. In applying the theory to electrolytic solutions, we are met by the 
difficulty that the molecules are dissociated to a variable extent depending on 
the dilution. The degree of dissociation is usually inferred from the ratio of 
the molecular electric conductivity of the solution to that at infinite dilu- 
tion. It is very doubtful what this ratio really represents in the case of 
.strongly dissociated electrolytes, as the free ions are so numerous that they 
must interfere very greatly with each others' movements. It is possible that 
the dissociation is really much greater than that calculated in this manner, 
but the ratio may nevertheless represent the effective number of free 
molecules from the point of view of depression of the freezing-point 
.as well as from the point of view of electric conductivity. Adopting this 
hypothesis, if n" = (1 4- /^/^o) ^ is the effective number of molecules, where hjha 
is the ratio of hy the molecular conductivity of the solution, to its limiting value 
^0 when n = 0, for a binary electrolyte, the required value of the vapour-pressure 
ratio (p'— yO/y should be 7h''l{N—an"), The corresponding depression ^ is 

* F. Guthrie, ^Phys. SocProc.,' vol. 1, p. 53, 1874. 
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taken from the vapour-pressure curve a — and plotted against n. The 
results for HCl so far as they go, up to a depression of 29'', agree very well 
with this hypothesis, taking <x = 5. They are plotted in the small scale 
diagram (fig. 7b), and the values of n are doubled to make the initial slope 
agree with the curve a = 0. Thus the observed depression t = 28°*8 corre- 
sponds with an actual strength njN = 8*39/100, but is plotted against 
2n = 16*78. The curve would otherwise be too steep. 

The observations of Eoozeboom* for CaCl2, treated in a similar manner, 
allowing for the fact that it dissociates into three ions, agree very well with 
a = 9. To avoid confiision the curve is plotted against lOn. Thus the 
observed depression t =. — 20°, corresponding to nJN = 4*37/100, is plotted 
against 43*7. The two highest points, at if = 40° and 55°, lie somewhat off 
the curve, but accurate observations here would be very difficult, and the 
ionisation is uncertain. At ^ = —-55°, n = 6*92, and n'^ = 9*80, Van't Hoff^'s 
rule, indicated by the curve marked Ca Ions, would give a depression of only 
10° The present rule gives t = -— 61°, which is more nearly of the right 
order of magnitude, and illustrates the great influence of the hydration 
factor a. CaCl2 is known to form hydrates containing a large number of water 
molecules. The usual hydrate contains six molecules. It is quite likely that 
it would take to itself three others in solution. The osmotic pressure at 
— 61° according to the formula (10), would be about 600 atmospheres. 
Teikixig{p'—p'^)/p^^ = n^^/(N''-an^^) the osmotic pressure would be infinite 
when n^^ = 11*1, or an" = 100. The solution would avoid this difficulty by 
crystallising, or by a change in the value of a. It is probable that mixtures 
of molecular complexes corresponding to different values of a may occur in 
very strong solutions. 

The observations (Mg), fig. 7a, on the depression of the freezing-point of 
solutions of MgCl2,given in Landolt's tables, do not extend beyond t =— 13°*61, 
but so far as they go they indicate a value a = 12 for the number of 
H2O molecules in each complex. Owing to the steepness of the curve, the 
observed depressions are plotted against the values of n doubled. 

The curve (K) for KCl, which is of quite a different character, agrees very 
well with the degree of ionisation deduced from the electric conductivity, on 
the hypothesis that each of the 71" molecules takes one molecule of water. 
The curve for NaCl would coincide very closely with that for KCl if each 
molecule of NaCl took two molecules of H2O, but the observations for 
ISTaOl do not appear to extend beyond n = 1*8. In plotting these observations 
n is not doubled and the initial slope is 2*066 owing to the ionisation. 

* 'Zeit. Phys. Chem.,' vol. 4, p. 42, 1889. 
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Rise of the Boiling-jpoint. 

17. The rise of the boiling-point affords a means of verifying the theory at 
a different temperature, but the method is more difficult of application, and 
the available observations less numerous than in the case of the depression 
of the freezing-point. Kahlenberg's data for cane-sugar, KCl and ISTaOl,* are 
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Fig. 8. — Rise of the Boiling-point in Aqueous Solutions. 
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plotted in the diagram, fig. 8. The curve a = gives the relation between 
the vapour-pressure ratio (i>'— p'O/i^'^ ^^^ ^^^ ^'^^^ ^^ temperature t above 
the boiling-point. The straight line t = 0*288 n corresponds to Yan't Hoffs 
ebullioscopic constant, the error of which is about 8 per cent, at ^ = 10. 
The observations (S) on the rise of the boiling-point for solutions of cane- 

•^ L. Kahlenberg, ' Journ. Phys. Chem.,' vol. 6, p. 362, 1901. 
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sugar agree very fairly with the curve a = 5 up to a concentration of 
between 5 and 6 molecules of sugar to 100 of H^O, which is about the limit 
of good agreement in fig. 5. It is perhaps remarkable that the number of 
H2O molecules to one of sugar should apparently be the same at 100° C. as at 
0° G. Beyond this point, as in fig. 5, the degree of hydration a appears to 
diminish, being about 4 on the average at ^^ = 9, and 3 at % = 15. This is 
perhaps to be expected, as the mass of the sugar at n = 15 is about three 
times the mass of the water present, and the osmotic pressure, when the 
rise of the boiling-point is 6°'7, is about 405 'atmospheres. 

No data appear to exist for the dissociation of electrolytes at or above 100° G. 
It is probable, however, that the dissociation does not change very greatly 
with temperature. The enormous increase in the conductivity of electrolytes 
with rise of temperature is to be explained chiefly by diminution of viscosity. 
Taking Kahlenberg's data for the dissociation of KCl and NaCl at 95"^ C.^ 
the observations (K) on the elevation of the B.P. for solutions of KCl agree 
very well with the vapour-pressure theory, if ^ = 4, so far as the data for the 
dissociation extend, namely up to % = 6*5. Beyond this point there is one 
observation at n = 11'82, t = 7*60, which appears to lie nearly on a continua- 
tion of the same curve. The observations for N"aCl (N"a) agree very well 
with the curve a = Q, up to n = 6. The highest point, at n = 9*63, lies 
below the curve. The discrepancy may be due to errors of observation, or 
may indicate a systematic divergence. The agreement is much better than 
would be expected considering the difficulty of the observations, and the 
uncertainty of the dissociation data. It is noteworthy that both KCl and 
NaCl appear to annex many more molecules of H2O at 100° C. than at 0° C. 
The dissociation data for the other electrolytes examined by Kahlenberg do 
not extend sufficiently far to be applicable. 

Effect of the Meat of Bikition, 

18. It is important to enquire how far the simple and convenient assump- 
tion made with regard to the dependence of vapour-pressure of a solution on 
its concentration is consistent with thermodynamical principles. The 
variation of the vapour-pressure of a solution with temperature is readily 
obtained by the circuit method in terms of the latent heat of vaporisation. 
What we require in the present ease is the variation of the ratio j?'//' of 
the vapour-pressures of solvent and solution. This is immediately given by 
a circuit similar to fig. 6 in which the branch AB representing ice is 
replaced by solution. Since the vapour-pressures of solution and solvent are 
not the same at ^0, we must insert an additional motor in the branch AC. 
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If double dashes, as usual, refer to the solution, and single dashes to the 
solvent, we thus obtain the equations, 

(L-^LO~(Lo"-LoO = ('(s'-s'Od^, (29) 

(L'^-LO/^~(Lo-V)/<9o = f (s^-s")d(9/(9+r'vdp/(9-r'vdp/(9o. (30) 

J^o h" ho" 

Since U^—U = Q (§ 11), the heat evolved on dilution per unit mass of 
solvent added, the first equation gives the variation of the heat of dilution 
with temperature in terms of the difference of the specific heats of the pure 
solvent s\ and of the solvent in solution, which is represented by s'\ 
Writing q — dQjdO as an abbreviation for s' --s'^ we obtain the required 
equation of vapour-pressure in terms of Q and q, 

(E/m)(log,(p7p")-log,(po7Po")) = -Qot/^^o + ^f qd^-f qd^/^, 

(31) 
where Qq is the latent heat of dilution at ^o- 

We observe immediately that the ratio p' j'p" cannot be constant unless Q 
is zero. This is a well-known result, and is approximately true for solutions 
of many substances. For such substances it is perfectly justifiable to employ 
the vapour-pressure relation {p' —p'')lp'' = n/{]^—an), and it is highly 
probable that the hydration factor a will not vary greatly with temperature or 
with concentration, as we have seen to be the case with solutions of cane-sugar. 

If Q is not zero, equation (31) gives a condition which must be satisfied 
by corresponding variations of a or n. In many solutions the number of 
effective molecules n^^ varies continuously with temperature according to 
the degree of association or dissociation of the molecules of the solute. The 
factor a may also vary, but it appears in general to have a simple integral 
value which remains constant for considerable ranges of concentration and 
temperature, as we have seen in the case of electrolytes. 

Equation (31), like the analogous equation for the ratio of the vapour- 
pressures of ice and water, may take a variety of forms according to the 
mode in which Q varies with temperature. If Q is constant, or ^ = 0, the 
equation reduces to a form similar to that commonly employed by physical 
chemists for deducing heats of solution from observations of solubility, 
or vice versa. The two cases are evidently very closely analogous, and the 
solubility equation may be deduced by the circuit method in a precisely 
similar way. Substituting for the vapour-pressure in terms of the osmotic 
pressure from equation (10), we obtain in this case for the variation of the 
osmotic pressure with temperature. 
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The osmotic pressure will not be proportional to the absolute temperature 
if Q = 0, unless IT is also constant. But the proportionality may hold even 
if Q is not zero, provided that ?7 varies in a suitable manner. 

If q is not zero, we obtain solutions like (IV), (V), and (VI) for the vapour- 
pressures of ice and water, by making corresponding assumptions for (j, 
and the form of the solution may vary widely from that usually assumed. 
Another case of special simplicity is that in which Q varies as 0, or 
q = Qo/do, which gives 

loge(p7P")-loge(P»7Po")= -(mq/E)log,(^/^o), 

in which case the ratio of the vapour-pressures varies inversely as ^^«^/^. 

We may further observe that if Q is constant, PU is a linear function of" 
0, though not proportional to 0, thus, 

PU = PoUo + (PoUo-Qo)t/^o, 

and that if q = 2Qo^/^o^ as in equation (VI) for the vapour-pressures of ica 
and water, PU is a quadratic function of t, namely, 

PU = PoUo + (PoUo-Qo)t/^o-Qo(t/^o)^. 

It is useful to remember the physical meaning of the coefficients in these 
expressions, which might naturally be applied to represent the variation 
of the osmotic pressure with temperature. It also follows from the first 
expression that if Q is constant and equal to PqUo, the product PU will be 
independent of the temperature, to the degree of approximation represented 
by equation (10). 

Meat of Dilution and lonisation of HCL 

19. As an example of the order of magnitude of the effects to be 
expected, we may take the case of solutions of HCl, for which the 
heat of dilution is one of the largest known. The quantities actually 
observed in a calorimetric experiment are the integral heats of solution and 
dilution obtained by making a solution of known composition and diluting: 
with finite quantities of solvent, involving considerable changes in the 
concentration. The heat of dilution Q for an infinitesimal change, required 
in equation (31), may be deduced from the calorimetric observations as- 
follows. By plotting the quantities of heat liberated when 1 gramme- 
molecule of solute is dissolved in X gramme-molecules of solvent (which is the 
way in which the observations are generally recorded) against the concen- 
tration C'^ in grammes of solute per gramme of solvent, or against njN for 
the resultincp solution, we obtain the total heat of formation of the solution 
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Q'jn per gramme-molecule of solute as a function of the concentration C 
or n/K In the case of HCl the curve is very nearly a straight line,* 

Q7n = 17,340-5920 C' = 17,340-12,000 n/K (32) 

The heat of solution at concentration njN, or the heat evolved on adding 
a small quantity dn to a large mass of solution per gramme-molecule added, 
is represented by clQ'/dn, and is given by the equation, 

Q^' = dQ7dn =17,340-24,000 n/lST. (33) 

The heat of dilution at concentration n/JSF, or the heat evolved on adding 
a small quantity of solvent dN to a large mass of solution per gramme- 
molecule added, is represented by Q = dQ^dN, and is given by the equation, 

Q = dQVdN" = + 12,000 (n/]ST)2 . (34) 

If n molecules of solute are added to a large quantity of solution of 
concentration oi/JSf, the heat evolved is nQ^^, If iV molecules of solvent are 
added, the heat evolved is IfQ, The sum of these two operations must be 
equal to the heat of formation Q^ of a quantity of solution containing n 
molecules of solute to JSf of solvent. In other words, we have the relation 
IfQ + nQ^^ = Q\ which is evidently satisfied. 

The heat of dilution Q, which is the quantity with which we are imme- 
diately concerned, is very large in the case of HCL but is given by a very 
simple expression. In other cases, e,g,, II2SO4, the curve is less simple, but 
may generally be represented as consisting of straight lines, which probably 
correspond to the formation of different hydrates or ions. 

In the case of HCl, the depression of the freezing-point is a]3proximately 
40° for a solution for which n = 10 and N = 100. By equation (34) the 
heat evolved is 120 calories when 1 gramme-molecule of water is added to 
a large quantity of solution of this concentration. The heat evolved 'peT 
gramme of water added, which is denoted by Q in equation (31) (deduced 
by taking %mit mass of solvent roimd the circuit), is 6*67 calories. We see 
that, even in this very extreme case, the heat of dilution is a comparatively 
;small fraction of the latent heat of fusion, namely, 79*5 calories, and will 
not greatly influence the curve of vapour-pressure. For dilute solutions, 
the effect will in any case be practically negligible, since it varies as the 
^square of the concentration. 

Since evolution of heat in any case is mainly connected with combination 
'Or dissociation of molecules, it is not at .all unlikely that the heat of 
dilution may be accounted for in the majority of cases by the change in the 

* The observations appear to have been smoothed to agree with Thomsen's hyperbolic 
formula, which inverts into the straight line above given. 
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effective number of molecules n'^ in the vapour-pressure formula. This 
would account to a great extent for the surprisingly good agreement obtained 
in the case of electrolytes on the assumption a = constant. It may be 
remarked that the agreement obtained in any case depends greatly on taking 
values of the ionisation as near the required temperature as possible. As 
might naturally be expected, the agreement of the observations at 100° C. 
is greatly impaired if values of the ionisation at 18° C. are taken. On the 
other hand, the agreement of the observations on the depression of the 
freezing-point is considerably improved, especially for dilute solutions, if 
values of the ionisation at 0° C. are employed in place of the values at 18° C. 
Values of the ionisation at 18° C. were at first employed in constructing the 
diagram, fig. 7, as being the more accurate, and more readily accessible. 
It did not appear to be worth while to redraw the curves employing the 
data for the ionisation at 0° C. when accessible, because the data were 
incomplete, and because the general conclusions remained unaltered. 
Although the agreement with theory was in many cases greatly improved, 
the uncertainty of the result for large values of the depression still remained. 
The relation of the heat of dilution to the heat of ionisation and hydra- 
tion is a most important and interesting question, but the data do not 
appear to be sufficiently complete, and it would be better to postpone the 
discussion of this point. 

On the Hydrate Theory of Solution. 

20. The theory of vapour-pressure and osmotic pressure outlined in this 
paper appears to afford the most direct method hitherto proposed of 
calculating the composition of definite molecular compounds, analogous to 
hydrates, occurring in solutions. The hypothesis apparently permits the 
extension, in a slightly modified form, to strong solutions of general 
principles which have hitherto been applicable only to dilute solutions. The 
existence of hydrates in solution has often been maintained, and has been 
supported by much indirect experimental evidence, but the theory has usually 
been stated in a manner which was open to serious objection. The essential 
point of a hydrate theory (as opposed to a diffusion-, or solution-pressure-, 
or gas-pressure-, or variable-aggregation theory) is the formation of definite 
hydrates according to the fundamental law of chemical combination. The 
difficulty of such a theory has been to determine the value of the hydration 
factor a, and to show that it was constant within certain limits, and equal to 
a simple integer. I have endeavoured to indicate how this may be deter- 
mined, and I think I may fairly claim to have made out a good frima facie 
case for a modified form of the hydrate theory. 
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The problem has recently been attacked by H. C. Jones and his assistants 
at Johns Hopkins University, from a study of the depression of the freezing- 
points of strong solutions. They have accumulated a great deal of 
material, but I cannot agree with their interpretation of the results. Their 
experimental data appear to agree fairly in most cases with the vapour- 
pressure theory here given, but there are a few notable exceptions. The 
observed depressions of the freezing-point ^for glycerol, C3H5(OH)3, given by 
Jones and Getman* are from three to four times as large as those given by 
Abegg,*j* and cannot be fitted by any value of a. The data given by Jones 
and BassettJ for CaCl2 differ considerably from those of Koozeboom,§ and do 
not agree at all well with the curve in fig. 7b. || The authors have worked out 
their results on the assumption of a constant value for the theoretical 
molecular lowering of the freezing-point, and have obtained widely varying 
values of the degree of hydration, ^.^., from 140 molecules to 12 in the case of 
glycerine, and 30 to 13 for CaCl2. Their final conclusions, which are 
diametrically opposed to the theory given in the present paper, are best 
stated in their own words : 

Quotation from Jones and Bassett.% 

" The Old and the New Hydrate Theory. — The theory of hydrates in aqueous solutions 
that we believe to have estabKshed by the work, of which this is only a chapter, is to be 
sharply distinguished from the old hydrate theory of Mendeleeff, which, having long 
since been shown to be untenable, has been abandoned. According to the older theory, 
when a substance, like calcium chloride, is dissolved in water, there are formed certain 
definite chemical compounds, with perfectly definite amounts of water. 

"According to the theory estabKshed by this work, the compounds formed are, at 
best, very unstable and vary in combination all the way from 1 molecule of water to a 
very great number. The composition of the hydrate formed by any given substance is 
purely a function of the concentration of the solution, or is determined, as we say, by the 
effect of mass action. Thus the composition of the hydrates formed by calcium chloride 
may vary all the way from a few molecules of water up to at least 30 molecules, and may 
have all intermediate compositions, depending solely upon the concentration, temperature 
being, of course, understood to be constant. 

" It is thus obvious that the older and the newer hydrate theories are fundamentally 
different in character." 

Among recent evidence for the existence of hydrates in solution, the 

* ' Amer. Chem. Journ.,' vol. 32, p. 320, 1904. 

t *Zeit. Phys. Chem.,' vol. 15, p. 217, 1894. 

X 'Amer. Chem. Journ.,' vol. 33, p. 546, 1905. 

§ ' Zeit. Phys. Chem.,' vol. 4, p. 42, 1889. 

II Footnote added April 12, 1908.— One of my students, Mr. W. F. Higgins, working 
under Mr. S. W. J. Smith's direction, has verified the F. P. depressions in the case of 
glycerine and calcium chloride. His results agree with those of Abegg and Eoozeboom 

respectively. 
t ^ Amer. Chem. Journ.,' vol. 33, p. 584, 1905. 
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experiments of Caldwell on the hydrolysis of sugar may be cited.* He 
attributes the accelerating influence of concentration to the hydration of the 
sugar molecules, though the degree of hydration cannot be calculated, 
because the rate of change may be affected by so many other factors. 
Similarly the degrees of hydration of various salts are estimated by 
observing the dilution required to reduce the constant K to its normal 
value. The values thus obtained appear somewhat high, because the possible 
effects of ionisation are expressly ignored. "Whether ions are charged atoms, 
or whether they are merely unstable hydrates, it seems impossible to ignore 
their existence. Taking account of the ionisation factor, which is nearly 2 
in a solution containing 1 gramme-molecule per litre, the water abstracted 
by the calcium chloride should be 18 gramme-molecules, according to the 
freezing-point depression, a result which does not differ greatly from 
Caldweirs estimate of 22 molecules. The residual difference in this and other 
cases may well be due to some accelerating influence of the ions as such, 
which could not be estimated satisfactorily unless allowance were made for 
the concentrating influence of hydration. 

'[Note added March 17, 1908. — Similar results for the degree of hydration 
have been deduced by J. C. Philipf from measurements of the solubility of 
oxygen and hydrogen in various solutions. The degree of hydration found 
for cane-sugar from Steiner's observations on the solubility of hydrogen was 
from 0*5 to 6*5 molecules of water to each molecule of sugar, which agrees as 
nearly as could be expected with the vapour-pressure theory. For salts, not 
allowing for ionisation, the values obtained for a are higher and more 
variable than those given by the vapour-pressure theory, e,g,, KCl 7 to 11, 
H2SO4 8 to 12, CaCl2 average 21, etc. These values may indicate a specific 
effect of the solute, apart from mere hydration. Oxygen seems to give 
different results from hydrogen, e.g., JSTaCl average a =11 from hydrogen, 
a= 14*7 from oxygen. The method does not appear to succeed so well 
with more soluble gases or other indifferent substances. It is less simple 
and direct th^^n the vapour-pressure method, and the effect observed is likely 
to be more complex. 

A large number of data exist for the relative lowering {;p' --;p")lp' derived 
from direct measurements of the vapour-pressure, especially in the case of 
salt solutions. Very few of these are available for deducing the degree of 
hydration, either because the ionisation data are deficient, or because the 
direct measurements of small vapour-pressures are necessarily somewhat 

* ' Eoy. Soc. Proc,,' A, vol. 78, p. 272. 

t 'Faraday Soc. Trans.,' vol. 3, p. 140, 1907. 
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inexact. But, so far as they go, they appear to be in fair agreement with 
the vapour-pressure theory.] 

General Summary/ of Conclusions. 

21. The foundation of the vapour-pressure theory of sohitions here laid 
down is the assumption of a simple relation between the vapour -pressure 
and the molecular constitution of the solution. That there should be a 
simple relation of this kind appears extremely probable when we consider 
that the concentration of the vapour phase in the solutions here examined is 
very small, and that such relations generally take a very simple form at 
extreme dilution. That such a relation should serve as a key to many of the 
phenomena occurring in solutions is not surprising in view of the fact that 
equality of vapour-pressure is one of the most general conditions of equilibrium 
in physical chemistry. The relation of this assumption to the gas-pressure 
theory, or the hydrate theory, or the capillary-pressure theory, as already 
indicated, is that it involves them all, since they may be regarded as merely 
different aspects of the same phenomena. An equivalent assumption may be 
formulated, at least approximately, in terms of partial pressure, or capillary 
pressure, or chemical attraction, but it would merely be putting the same 
thing in different words. The vapour-pressure method appears to be the 
most direct line of attacking the problem. If, for instance, we regard the 
changes of capillary pressure in relation to vapour-pressure as defined by 
the relation U dP = v dp, we should arrive at nearly the same result by 
similar approximations. But this method does not appear to be so con- 
venient, because it involves the volume Z7, which is generally unknown and 
variable in an uncertain manner, whereas the volume of the vapour v at 
low pressures may be regarded as conforming very closely with the laws of 
gases. 

There is no doubt that further experimental work may be required to 
establish the vapour-pressure theory genei'ally, since accurate data for strong 
solutions are comparatively scarce. The interpretation of the ionisation 
factor, and its relation to the heat of dilution, requires further elucidation. 
Analysis of nearly all the data at present available, in addition to the 
examples above cited, fails to show any serious disagreement with the 
vapour-pressure theory. The theory cannot pretend to be exact for all 
ranges of temperature and concentration, but it seems likely to serve, at 
least as a second approximation, for co-ordinating results which have hitherto 
appeared discordant. 



